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Abstract

In this work we outline a program for lattice QCD that would provide a first step toward under-

standing the strong and weak interactions of strange baryons. The study of hypernuclear physics

has provided a significant amount of information regarding the structure and weak decays of light

nuclei containing one or two Λ’s, and Σ’s. From a theoretical standpoint, little is known about the

hyperon-nucleon interaction, which is required input for systematic calculations of hypernuclear

structure. Furthermore, the long-standing discrepancies in the P−wave amplitudes for nonleptonic

hyperon decays remain to be understood, and their resolution is central to a better understanding

of the weak decays of hypernuclei. We present a framework that utilizes Lüscher’s finite-volume

techniques in lattice QCD to extract the scattering length and effective range for ΛN scattering in

both QCD and partially-quenched QCD. The effective theory describing the nonleptonic decays of

hyperons using isospin symmetry alone, appropriate for lattice calculations, is constructed.
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I. INTRODUCTION

Nuclear physics is a fascinating field that remains poorly understood at a fundamental level.
While the underlying Lagrange density describing all strong interactions is well established
to be Quantum Chromo Dynamics (QCD), its solution in the nonperturbative regime leads
to many unexpected and intriguing phenomena when the fundamental constants of nature
take their physical values. Furthermore, one knows effectively nothing about how most
strongly interacting systems behave as the fundamental constants are allowed to move away
from their physical values. A puzzling feature of nuclear physics is the unnaturally large
size of the S−wave nucleon-nucleon scattering lengths; i.e. one would like to understand
why low-energy QCD has chosen to be very near an infrared unstable fixed point of the
renormalization group, as this requires a non-trivial conspiracy between the quark masses
and the scale of QCD, ΛQCD. While nuclei composed of neutrons and protons are well studied
throughout most of the periodic table, and further efforts are proposed to study very short-
lived nuclei that impact stellar environments, relatively little is understood about nuclei that
contain one or more valence strange quarks: the hypernuclei. Understanding of the structure
and decays of hypernuclei from first principles remains at a primitive level, and it is possible
that the study of hypernuclei may help in unraveling fundamental issues regarding ordinary
nuclei in terms of QCD.

Since the Λ hyperon is the lightest among the hyperons (mΛ ∼ 1115 MeV), most theo-
retical and experimental efforts have concentrated on bound systems of non-strange baryons
and one Λ. These single-Λ hypernuclei can be experimentally produced by strangeness-
exchange reactions N(K, π)Λ at CERN, BNL, KEK and DaΦne, by strangeness associated
production reactions n(π, K)Λ at BNL and KEK, or by the electroproduction mechanism
p(e, e′K+ )Λ at JLab (also planned at GSI for 2006) [1]. These reactions usually populate
highly-excited hypernuclear states, which decay electromagnetically to leave the hyperon in
the lowest energy state, 1s1/2. Once in the ground state, the system decays weakly, with-
out conserving strangeness, parity or isospin. For very-light nuclei, such as 3

ΛH, the decay
proceeds mainly through the mesonic decay mode, Λ → Nπ, which is analogous to the
decay of the Λ hyperon in free space. These pionic decay channels are highly suppressed
when the Λ is embedded in a nuclear medium, as the momentum of the outgoing nucleon
(∼ 100 MeV) is small compared to the typical Fermi momentum (∼ 270 MeV for infinite
nuclear matter). Non-mesonic (multi)nucleon induced decay channels, mainly ΛN → NN ,
are then responsible for the decay of the Λ hyperon in the medium, and become dominant
for p-shell and heavier systems (note that even for 5

ΛHe, the non-mesonic decay channel
amounts to 40% − 50% of the total decay rate [2]). The lack of stable hyperon beams (the
Λ lifetime is τΛ ∼ 2.6×10−10 s) makes it difficult to perform a study of the strong and weak
hyperon-nucleon (YN) interaction in free space. Therefore, hypernuclear structure and decay
experiments presently provide the only quantitative information on the YN interaction.

Experimental information on hypernuclear decay results from the measure of total life-
times, partial decay rates (typically from the detection of a proton in the final state, and
more recently from the detection of nn and np pairs in coincidence) and angular asym-
metry in the emission of protons from the decay of polarized hypernuclei. However, the
existing data have large error bars, in part due to poor statistics. On the theoretical side,
one has to fold a particular model for the weak ΛN → NN reaction into a many-body
system. Realistic ground-state wave functions in the S = −1 sector have been derived
for A ≤ 4 hypernuclei using the Faddeev-Yakubovsky formalism [3, 4], and up to p−shell
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hypernuclei using a three- and four-body cluster structure solved with the Gaussian-basis
coupled-rearrangement-channel method [5]. The complete description of the final few-body
scattering states in hypernuclear decay has only been performed for A = 3 using the Faddeev
formalism [3]. For heavier systems, finite nuclei are typically studied within a shell-model
framework, while the final state is treated as a distorted wave function describing the two
weakly-emitted nucleons moving away from a residual (A− 2) core. In any of those calcula-
tions, a model for the YN interaction (typically a one-meson-exchange model) is assumed in
order to describe the strong two-body dynamics. The development of Effective Field The-
ories (EFT) in the strong S = 0 sector, motivated recent model-independent work in the
S = −1 sector. An EFT [6] was constructed at next-to-leading order (NLO) for momenta
below pion-production threshold, and used to study scattering YN observables, as well as
hyperon mass shifts in the medium, via a low-density expansion. The existence of the hy-
pertriton was used to constrain the ΛN singlet- and triplet-scattering lengths. However, a
description of bound states using this systematic two-body formalism does not yet exist.

Regarding the |∆S| = 1 ΛN interaction, all the models developed to date agree in
describing the long-range part of the weak transition through the exchange of Goldstone
bosons, π, K and η1. For the short-range part of the interaction, some studies adopted
the exchange of heavier mesons [7, 8], the vector ρ, ω and K∗ mesons, while others used
a quark-model type description [9]. Although some progress has been achieved during the
last ten years, none of the existing models give a satisfactory explanation of the decay
process. Construction of a model-independent EFT description of these decays was initiated
in Refs. [10, 11]. The study of the ∆S = 1 ΛN interaction has the additional charm of
allowing access to both the parity-conserving (PC) and the parity-violating (PV) part of
the weak interaction, in contrast to its ∆S = 0 NN partner, where the PC weak signal is
masked by the strong PC amplitude which is 10 orders of magnitude larger.

A major tool for strong-interaction physics that will play an ever-increasing role in nu-
clear physics is lattice QCD. First-principles simulations on the lattice are the only known
way to perform rigorous calculations of observables and processes where the QCD strong in-
teraction contributes. Present-day calculations in lattice QCD are restricted to fairly large
quark masses, relatively small volumes and relatively large lattice spacings. However, as
time progresses the lattice-quark masses are decreasing, lattice sizes are increasing, and
lattice spacings are decreasing. Furthermore, it has been appreciated that unphysical sim-
ulations performed with partially-quenched QCD (PQQCD) allow for the determination of
unquenched QCD observables, and can be performed sooner than fully unquenched simula-
tions. While significant effort has been placed in calculating observables in the meson sector
with impressive success, systems involving more than one baryon have largely been ignored
with the exception of one pioneering effort to compute the nucleon-nucleon scattering length
in quenched QCD [12].

In this work we establish the framework with which lattice (PQ)QCD can determine ba-
sic strong-interaction parameters important for hypernuclei: the scattering parameters for
ΛN → ΛN . Given the presently large experimental uncertainties in this scattering ampli-
tude, a lattice calculation will provide an important contribution to refining the potentials
that are input into hypernuclear-structure calculations. Another component of this work
is to explore the fundamental ingredients of calculations of weak decays of hyperons that

1 The η-exchange mechanism is omitted in some works due to the smallness (a factor of 10) of the ηNN

coupling constants.
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must be understood before we are able to claim an understanding of the weak decays of
hypernuclei themselves. Such an understanding has eluded theorists for decades; while one
appears able to describe the S−wave amplitudes in the hyperon nonleptonic weak decays,
the P−wave amplitudes are very-poorly predicted. Lattice QCD is perhaps the only hope
for gaining an understanding of these fundamentally-important weak processes.

II. STRONG ΛN SCATTERING

In predicting the structure of hypernuclei, the hyperon-nucleon potential or the hyperon-
nucleon scattering amplitude is required input. A compilation of the world’s experimental
data on elastic hyperon-nucleon scattering can be found at the Nijmegen “NN-Online” web-
site [13]. The cross-sections in particular energy regions for these processes have large
uncertainties associated with them as the total number of events is quite small 2. To get
a sense of the uncertainty in the effective range parameters, consider that Ref. [14] quotes
the following one-standard-deviation bounds for the S−wave scattering lengths and effective
ranges:

0.0 > a(1S0) > −15 fm 0.0 > r(1S0) > 15 fm

−0.6 > a(3S1) > −3.2 fm 2.5 > r(3S1) > 15 fm . (1)

By comparison, a contemporary study [15] finds (best fit) a(1S0) = −1.8 fm, r(1S0) = 2.8 fm,

and a(3S1) = −1.8 fm, r(3S1) = 3.3 fm. Unfortunately, the meaning of these effective-range
analyses is unclear. They arise from a four-parameter fit to data with very-poor statistics at
energies where one would not necessarily expect shape parameters and other higher-order
terms in the effective-range expansion to be small. Moreover, the effective-range parameters
fit to the data are highly correlated. While the bounds of eq. (1) are therefore suspect, they
do encompass many model-dependent analyses of hyperfragments, production reactions and
potential models [16]. What then is known? Given the current state of experiment, it is

probably safe to say: (i) there is no hyperdeuteron and therefore a(1S0) < 0 and a(3S1) < 0.

(ii) consistency of potential models with the spin of the hypertriton implies |a(1S0)| > |a(3S1)|.
With the lack of experimental effort in the direction of Lambda-nucleon scattering, lattice

QCD may provide a rigorous, first-principles calculation of these cross-sections over some
energy interval with smaller uncertainties than those determined experimentally in the near
(and possibly far) future. In this section we put in place the theoretical framework required
to connect possible future lattice calculations with data in the low-energy regime, below the
pion-production threshold.

The past decade has seen remarkable progress in the development of an EFT description
of nucleon-nucleon (NN) scattering. Two quite different power-countings were developed
for these processes, Weinberg [17, 18, 19, 20] and KSW power-counting [21, 22, 23, 24],
with neither providing a complete description of scattering in all partial waves. A third
power-counting, BBSvK counting [25], which is essentially a synthesis of these countings
appears to be both formally consistent and provides a convergent expansion. The difficulty
in establishing an EFT description is due to the large scattering lengths in both the 1S0

and 3S1 channels, or equivalently, the near threshold (un)bound states in both channels.

2 We are grateful to Rob Timmermans for discussions about the state of hyperon-nucleon scattering data.
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Such states cannot be generated at any order in perturbation theory, and require the non-
perturbative resummation of at least one operator in the theory. Physically speaking, such
states result from a fine-tuning between kinetic and potential energy, and imply that the
EFT is in the proximity of an unstable infrared fixed point [26] (and thus implies that QCD
has an infrared unstable fixed point).

There is no reason to suppose that the hyperon-nucleon sector is near an infrared fixed
point. That is to say, while the bounds of eq. (1) do not preclude unnaturally large scat-
tering lengths, we would expect the scattering lengths to be of natural size, and for there
to be no ΛN bound states near threshold. Therefore, one expects the EFT that describes
the interaction between hyperons and nucleons to have a power-counting based on the en-
gineering dimensions of the operators that appear in the effective Lagrange density, and
hence to be precisely the power-counting of Weinberg [17, 18] 3. As a well-defined procedure
exists, due to Lüscher [27, 28], for extracting the low-energy elastic scattering parameters
from finite-volume lattice QCD calculations, we set-up the low-energy EFT describing ΛN
scattering in Weinberg power-counting4. Given the Lüscher framework, we use the EFT to
compute the scattering length and effective range for elastic ΛN scattering to NLO in the
EFT expansion 5. These parameters will be sufficient to describe ΛN scattering for energies
below that necessary for inelastic processes ΛN → ΣN and ΛN → ΛNπ. (See also Ref. [6].)
Our results contain the leading light-quark mass dependence of low-energy ΛN scattering
and can be used to extrapolate from lattice-quark mass values to nature.

A. ΛN → ΛN in QCD

If one could perform a lattice QCD simulation at the physical values of the quark masses,
then, barring the advent of new experiments, there would be no need to construct the EFT
for the ΛN → ΛN S-matrix at low energies. However, near-future lattice simulations will
be partially-quenched with unphysically large values of the sea-quark masses. Therefore, at
least in the short term, the EFT construction will be needed to extrapolate to QCD.

In defining the nonrelativistic fields appropriate for computing the strong interactions
between the Λ and the nucleon we remove the nucleon classical trajectory from the nucleon
field, and the Λ classical trajectory from the Λ field 6. We can perform these redefinitions
as we will work with an SU(2)L ⊗SU(2)R chirally-invariant theory, as opposed to its three-
flavor analog. The Lagrange density describing the free-field dynamics of the nucleon, Λ and
Σ is

L = N †
(

i∂0 +
∇2

2MN

)

N + Λ†
(

i∂0 +
∇2

2MΛ

)

Λ + Σ†
(

i∂0 +
∇2

2MΛ
− ∆ΣΛ

)

Σ , (2)

3 Weinberg’s power-counting does not, in general, require resummation of interactions.
4 Note, however, that we power-count the amplitude directly, rather than the potential.
5 The three-body system with one Λ-hyperon has been investigated in an EFT without pions [29].
6 Usually, one removes only the classical trajectory associated with one of the heavy-hadron fields. However,

we will work with two-flavor χPT in which strange-baryon number is conserved at each interaction, and

hence the ΛN residual mass term, ∆ΛN can be removed from the theory by a phase redefinition, leaving

only the ΣΛ residual mass term.
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where Λ is an iso-singlet while the nucleon iso-doublet and the Σ iso-triplet are defined as

N =
(

p
n

)

, Σ =
(

Σ0/
√

2 Σ+

Σ− −Σ0/
√

2

)

. (3)

As we are interested only in ΛN scattering up to NLO, we need not consider the Weinberg-
Tomazawa type interactions. The complete kinetic energy terms for the N and Σ have
additional multi-pion interactions, but as the Λ is an isosinglet its chirally-invariant kinetic
energy term is given in eq. (2). The leading-order (LO) interactions between the baryons
and the pions are given by (to linear order in the pion field)

L =
gA

f
N †σ · ∇MN +

gΛΣ

f

(

Λ†Tr [ σ · ∇MΣ ] + h.c.
)

+
gΣΣ

f
Tr
[

Σ† [σ · ∇M , Σ ]
]

, (4)

where f ∼ 132 MeV is the pion decay constant, gA ∼ 1.27 is the nucleon axial coupling
constant, gΛΣ ∼ 0.60 is the ΛΣ axial coupling constant, while gΣΣ is the ΣΣ axial coupling
that cannot be determined directly from experiment and which we will discuss later. M is
the matrix of pions given by

M =
(

π0/
√

2 π+

π− −π0/
√

2

)

. (5)

At LO in the expansion, there will be contributions to S−wave scattering from four-
baryon operators of the form

L = ΛΛC
(1S0)
0

(

ΛT P (1S0) N
)† (

ΛT P (1S0) N
)

+ ΛΛC
(3S1)
0

(

ΛT P (3S1) N
)† (

ΛT P (3S1) N
)

(6)

where P (1S0) = 1√
2

iσ2 and P (3S1) = 1√
2

iσ2σ
a are spin-projectors for the 1S0 and 3S1 channels

respectively, and the coefficients ΛΛC
(1S0,3S1)
0 are to be determined. At next-to-leading order

(NLO) there are also contributions from four-baryon operators that involve a Σ baryon,

L = ΣΛC
(1S0)
0

(

ΣT (iτ2) P (1S0) N
)† (

ΛT (iτ2) P (1S0) N
)

+ ΣΛC
(3S1)
0

(

ΣT (iτ2) P (3S1) N
)† (

ΛT (iτ2) P (3S1) N
)

+ h.c. , (7)

where the coefficients ΣΛC
(1S0,3S1)
0 are to be determined.

We have recognized and implemented a particular hierarchy of mass-scales in order to
simplify our expressions for the scattering length and effective range. By returning briefly
to SU(3), we recall that the ΣΛ mass splitting, ∆ΛΣ ∼ mq is proportional to the light-
quark masses, in particular, the strange quark mass, and numerically is ∆ΛΣ ∼ 74 MeV.
In contrast, the pion mass is mπ ∼ m1/2

q and numerically is mπ ∼ 140 MeV. Therefore, in
what follows we will neglect ∆ΛΣ compared to mπ. However, we will retain terms of the
form

√
2µΛN∆ΛΣ (where µΛN is the reduced mass of the ΛN system) compared to mπ, as

they are of the same order in the SU(3) chiral expansion. While we can (somewhat) justify
this expansion from a formal point of view, one should keep in mind that the expansion is in
factors of ∼ 2. Of course the sole purpose of this expansion is to provide simple closed-form
expressions for the effective-range parameters; the exact numerical expressions are easily
obtained and may in fact be necessary in certain regions of the C0 parameter space.
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FIG. 1: Diagrams that contribute to ΛN scattering at LO (top) and NLO in the EFT. The shaded

blobs are vertices from eq. (4).

A straightforward calculation of the diagrams in Fig. 1 yields the scattering length a(1S0)

and effective range r(1S0) in the 1S0 channel:

a(1S0) = −µΛN

2π

[

ΛΛC
(1S0)
0 − 3

4π

(

ΣΛC
(1S0)
0

)2
µΛN η + ΣΛC

(1S0)
0

3gΣΛ gA µΛN

2πf 2

η2 + ηmπ + m2
π

η + mπ

− 3g2
ΣΛ g2

A µΛN

4πf 4

2η3 + 4η2mπ + 6ηm2
π + 3m3

π

2(η + mπ)2

]

;

r(1S0) = − 1

µΛN π

[

2π

ΛΛC
(1S0)
0

]2 [
3

8π

(

ΣΛC
(1S0)
0

)2 µΛN

η
− ΣΛC

(1S0)
0

3gΣΛ gA µΛN

2πf 2

3η2 + 9ηmπ + 8m2
π

6(η + mπ)3

+
3g2

ΣΛ g2
A µΛN

4πf 4

6η3 + 23η2mπ + 28ηm2
π + 7m3

π

12(η + mπ)4

]

, (8)

where η =
√

2µΛN∆ΛΣ. We see that there are two unknown constants, ΛΛC
(1S0)
0 and ΣΛC

(1S0)
0 ,

and two observables, a(1S0) and r(1S0). In the spin-triplet channel we find

a(3S1) = −µΛN

2π

[

ΛΛC
(3S1)
0 − 3

4π

(

ΣΛC
(3S1)
0

)2
µΛN η − ΣΛC

(3S1)
0

gΣΛ gA µΛN

2πf 2

η2 + ηmπ + m2
π

η + mπ

− 3g2
ΣΛ g2

A µΛN

4πf 4

2η3 + 4η2mπ + 6ηm2
π + 3m3

π

2(η + mπ)2

]

, (9)

and

r(3S1) = − 1

µΛNπ

[

2π

ΛΛC
(3S1)
0

]2 [
3

8π

(

ΣΛC
(3S1)
0

)2 µΛN

η
+ ΣΛC

(3S1)
0

gΣΛ gA µΛN

2πf 2

3η2 + 9ηmπ + 8m2
π

6(η + mπ)3

− 3g2
ΣΛ g2

A µΛN

4πf 4

46η3 + 91η2mπ + 44ηm2
π + 11m3

π

36(η + mπ)4

]

, (10)

where we again see that there are two unknown constants, ΛΛC
(3S1)
0 and ΣΛC

(3S1)
0 , and two

observables, a(3S1) and r(3S1).
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It is worth commenting on the viability of the power-counting scheme that we have
chosen for the ΛN system. Consider the 1S0 effective-range parameters of eq. (8). If we

vary the C
(1S0)
0 coefficients over natural values (i.e. ∼ 1/f 2), then there are large regions of

parameter space where there is poor convergence in the scattering length, and the effective
range is anomalously small and negative. This may indicate that a next-to-NLO (NNLO)
calculation is required, which includes, inter alia, contact operators with two derivatives
(the C2 operators) and contact operators with an insertion of the quark-mass matrix (the
D2 operators). However, it may also be the case that we should apply our power-counting
scheme to a potential, rather than the amplitude directly, and resum using the Schrödinger
equation, as in Weinberg power-counting in the NN system. The appropriate power-counting
will ultimately have to be decided in conjunction with lattice QCD simulations of the ΛN
system.

B. ΛN → ΛN in PQQCD

While one always hopes for fully-unquenched lattice simulations at the physical values of
the light-quark masses, it will always be the case that partially-quenched simulations of
the observables of interest will be performed first. This is for the simple reason that the
partially-quenched simulations, in which the masses of the sea-quarks are larger than those
of the valence quarks, take less time than the fully-unquenched simulations. During the
past year or so a significant number of single-nucleon observables have been explored in
partially-quenched chiral perturbation theory (PQχPT) [30, 31, 32] with an eye to making
connections between partially-quenched lattice simulations and nature. The EFT describing
NN interactions has also been partially quenched [33, 34].

The partial quenching of the ΛN scattering amplitude has features from both the
partially-quenched NN scattering amplitude [34] and from the ΛQΛQ potential [35]. The
local four-baryon operators in PQQCD are the same as those in QCD because ghost-quark
and sea-quark number are conserved. It is for this reason that the pion box-diagram is the
same in PQQCD and QCD. The Crossed-Box diagram is modified by partial quenching, but
this effect enters at NNLO, one order beyond the order to which we are working. Unlike the
ΛQΛQ potential [35], there is a contribution from one-hairpin exchange (OHPE) at LO and
also from one- and two-hairpin exchanges at NLO, as shown in Fig. 2.

Λ

N N

Λ

Λ

N N

Λ

Λ Λ

N N

Λ Λ

N N

η X

X

X

X X

η

η η η

Λ

Λ

Λ

FIG. 2: The LO and NLO contributions to ΛN scattering from hairpin-exchange in PQχPT. The

shaded blobs are vertices from eq. (12).

The SU(2)L ⊗ SU(2)R chiral symmetry of two-flavor QCD is extended to the graded
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SU(4|2)L ⊗ SU(4|2)R chiral symmetry of PQQCD, as discussed extensively in Refs. [31,
32]. In this theory, in addition to the light pions, light ghost-mesons and sea-mesons that
contribute in diagrams with single-pole propagators, there are also contributions from η-
exchange with a double-pole propagator of the form

Gηη(q
2) =

i(m2
ss − m2

π)

(q2 − m2
π + iǫ)2

, (11)

where mss is the mass of a meson composed only of sea quarks. We are working in the
isospin limit where the sea-quarks are degenerate and the valence quarks are degenerate.
This double-pole arises because the singlet of SU(2) is not the singlet of SU(4|2) [39]. At
LO in the chiral expansion, the interaction between the η and the baryons is described by a
Lagrange density of the form

L =
1√
2f

g
(N)
0 N †σkN ∇kη +

1√
2f

g
(Λ)
0 Λ†σkΛ∇kη , (12)

where the axial couplings, g
(N,Λ)
0 are to be determined from lattice simulations. The analo-

gous contributions to the ΛQΛQ potential [35] are absent because the axial coupling of the
hairpin to the ΛQ vanishes due to heavy-quark symmetry, and is non-zero only at order

1/mQ [36]. However, we expect the coupling g
(Λ)
0 to be significantly smaller than gΣΛ based

on large-NC arguments. In the large-NC limit, the “size” of the matrix element of an op-

erator with isospin I and spin J is of order 1/N
|I−J |
C [37, 38]. Hence we expect this axial

coupling, which has I = 0 and J = 1, to be suppressed by a factor of ∼ 3 compared to gΣΛ,

which gives it a natural size of g
(Λ)
0 ∼ 0.2.

We find that the leading contributions to the scattering length and effective range in the
1S0 channel due to partial quenching are

δa(1S0) = −µΛN

2π





ΛΛC
(1S0)
0

g
(Λ)
0 g

(N)
0 µΛN

4πf 2

m2
ss − m2

π

mπ
+

(g
(Λ)
0 )2(g

(N)
0 )2µΛN

128πf 4

(m2
ss − m2

π)2

m3
π



 ;

δr(1S0) = − 1

µΛNπ

[

2π

ΛΛC
(1S0)
0

]2
g

(Λ)
0 g

(N)
0

f 2

m2
ss − m2

π

m4
π

, (13)

and in the 3S1 channel are

δa(3S1) = −µΛN

2π



 −ΛΛC
(3S1)
0

g
(Λ)
0 g

(N)
0 µΛN

12πf 2

m2
ss − m2

π

mπ
+

(g
(Λ)
0 )2(g

(N)
0 )2µΛN

128πf 4

(m2
ss − m2

π)2

m3
π



 ;

δr(3S1) = +
1

µΛNπ

[

2π

ΛΛC
(3S1)
0

]2
g

(Λ)
0 g

(N)
0

3f 2

m2
ss − m2

π

m4
π

. (14)

It is important to note that the additional contributions to the scattering lengths arise from
the NLO diagrams in Fig. 2, and as required, there is no contribution from OHPE (due to
the derivative coupling). By contrast, the contribution to the effective ranges begins at LO
from OHPE. Therefore, partial-quenching will perturbatively modify the scattering lengths,
but overwhelmingly dominate the effective ranges, except very near the QCD limit. Given
that extractions of both the scattering length and effective range are required to determine
the four-baryon, momentum-independent leading-order interactions, partial-quenching may
provide a serious obstacle to this procedure.
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C. ΛN → ΛN at Finite Volume

The Maiani-Testa theorem [40] precludes determination of scattering amplitudes from
Euclidean-space Green functions at infinite volume away from kinematic thresholds. While
appearing to be a significant setback for lattice QCD for which only Euclidean-space Green
functions can be computed, it was realized by Lüscher [27, 28] that one can access 2 → 2
scattering amplitudes from lattice calculations performed at finite volume. Lüscher’s work
generalizes a result from nonrelativistic quantum mechanics [41] to quantum field theory.
The results are obtained by assuming that the lattice spacing, b 7, is very small and the
lattice size, L, is much larger than the range of the potential between the two particles.

During the past few years, the pionless effective field theory, EFT(π/) [42, 43], description
of NN scattering at momenta much less than the pion mass has been studied extensively,
and it can be applied to describe the finite-volume construction described above 8. In
EFT(π/) the interactions between nucleons are described by a series of delta-functions and
their derivatives. While the two-nucleon sector reproduces identically effective-range theory,
when gauge fields are included one has a systematic and calculable scheme with which to
determine all low-energy multi-nucleon processes. This theory has been successfully applied
to quite a wide variety of two-nucleon and three-nucleon processes9. In order to establish a
power-counting at the level of diagrams in systems with unnaturally-large scattering lengths,
the power-divergence subtraction scheme (PDS) was introduced to deal with the power-law
ultra-violet divergences that appear in the non-relativistic theory at the one-loop level. It is
somewhat useful to see how one recovers Lüscher’s relations between the energy-levels of the
quantum system in a periodic box and the scattering parameters of the continuum theory in
EFT(π/), and this is presented in Appendix I. As re-derived in Appendix I, the energy of the
lowest-lying scattering state of the two-particle system with zero center of mass momentum
in a periodic box of sides L that is much greater than any of the scattering parameters, such
as the scattering length and effective range, is [27, 28]

E0 = +
2πa

µΛN L3

[

1 − c1
a

L
+ c2

(

a

L

)2

+ ...

]

+ O(L−6) , (15)

where the coefficients c1,2 are c1 = −2.837297 and c2 = 6.375183, and where we have used
the conventional definition of scattering length and effective range

p cot δ = −1

a
+

1

2
rp2 + ... . (16)

The energy of the next level which transforms in the A1 representation of the cubic group

7 In this work we use b instead of a to denote the lattice spacing. Clearly this will be considered a sacrilege

in the lattice community, but denoting the lattice spacing by the traditional a would lead to confusion

with the scattering lengths which are also traditionally denoted by a.
8 This discussion will be the same as that for pseudo-potentials [44] as the “physics” is the same. However

the EFT(π/) construction allows for generalization to processes including gauge fields.
9 One may worry about potential violations of unitarity in EFT(π/) for PQQCD. However, as pointed out

in Ref. [34], one can use the methods of Ref. [33] to show that all effects of partial-quenching are in the

coefficients of the contact operators. Therefore, perhaps somewhat surprisingly, EFT(π/) is unitary in

PQQCD.
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is [27, 28]

E1 =
2π2

µΛN L2
− 6 tan δ0

µΛN L2

(

1 + c′1 tan δ0 + c′2 tan2 δ0 + ...
)

+ O(L−6) , (17)

where c′1 = −0.061367 and c′2 = −0.354156, and where δ0 is the S−wave phase shift evaluated
at the unperturbed lattice momentum |p| = 2π/L. It is important to stress that the effective-
range parameters may be comparable to or greater than realistic box sizes at some values of
the unphysical lattice quark masses. Eqs. (15) and (17) are then no longer applicable and
one must use the exact formula for the energy levels, eq. (38), given in Appendix I.

III. NONLEPTONIC WEAK DECAYS AND WEAK HYPERNUCLEAR DECAYS

The weak decays of hypernuclei result not only from the one-body nonleptonic decays
(mesonic) of the hyperon(s), e.g. Λ → Nπ, that exists in free-space but also from two-
and higher-body decays (non-mesonic), such as ΛN → NN and ΛNN → NNN . Naive
expectations suggest that the one-body decays should dominate, however the non-mesonic
processes are found to be comparable to the mesonic decays in nuclei, in part due to Pauli-
blocking of the final-state nucleon in mesonic decays.

The nonleptonic weak decays of hyperons in free-space have been very-well studied dur-
ing the past many decades. While the S− and P−wave amplitudes that contribute to each
process are very-well known experimentally, the P−wave amplitudes are still not well de-
scribed theoretically. In order for one to claim that the weak decays of hypernuclei are
theoretically understood we must first understand the nonleptonic weak decays of hyperons
in free-space, as this underlies one of the two competing decay processes. Furthermore, the
EFT that describes these processes is more than likely entangled in the theory that describes
the higher-body amplitudes, and therefore is central to the description of all decay processes.

A. Nonleptonic Weak Decays of Hyperons in Free-Space

As the nonleptonic decays Λ → pπ−, Σ− → nπ−, Σ+ → nπ+, Ξ− → Λπ− and their isospin
partners have been well studied for an extensive period of time, the experimental data and
theoretical efforts to understand the data can be found in many textbooks, e.g. Ref. [45].
Therefore, we do not attempt an exhaustive discussion of the existing literature in this
work. Angular-momentum considerations are sufficient to write the matrix element for the
nonleptonic decay B → B′π, MBB′π, using the notation of Jenkins [46], as

M = GF m2
π+ UB′

[

A(S) + 2 Sµk̂µ A(P )
]

UB , (18)

where k̂ is the four-vector of the outgoing pion normalized to the pion three-momentum
in the baryon rest frame. The factor of m2

π+ that appears in the coefficient in eq. (18) is
the physical mass of the charged pion, and does not indicate that the amplitude vanishes
in the chiral limit. The amplitudes A(S) and A(P ) are the S− and P−wave amplitudes,
respectively. They are expected to be the same order in the chiral expansion, and indeed
experimentally, their magnitudes are of order unity.
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1. Nonleptonic Weak Decays of Hyperons in SU(3)

Conventionally, the theoretical analysis of these decays is performed about the limit of SU(3)
flavor symmetry, assuming the ∆I = 1

2
rule, although a more general analysis shows that

the ∆I = 1
2

rule is well respected in these decays [45]. At LO in the chiral expansion, the
weak decays are described by the Lagrange density

L = GF m2
π+ f

(

hD Tr
[

B{hξ, B}
]

+ hF Tr
[

B [hξ, B]
] )

, (19)

where

hξ = ξ† h ξ with h =







0 0 0
0 0 1
0 0 0





 , (20)

and where h transforms as a (8, 1), h → LhL†, under SU(3)L ⊗ SU(3)R chiral transforma-
tions. Expanding this interaction to linear order in the pion field, it is straightforward to
show that the S−amplitudes arising from the diagram in Fig. 3 or its analog are [46, 47]

π

pΛ

FIG. 3: Tree-level diagram that gives the leading-order contribution to the S−wave amplitudes for

the nonleptonic decay Λ → pπ−. The solid square denotes an insertion of the leading-order weak

interaction from eq. (19).

A(S)
Λpπ− = − 1√

6
(hD + 3hF ) A(S)

Σ−nπ− = hD − hF

A(S)
Σ+nπ+ = 0 A(S)

Ξ−Λπ− = 1√
6
(3hF − hD)

(21)

and the P−wave amplitudes arising from the diagrams in Fig. 4 and their analogs are

π

pΛ Σ

π

pΛ n

FIG. 4: Tree-level diagrams that give the leading-order contribution to the P−wave amplitudes for

the nonleptonic decay Λ → pπ−. The solid-square denotes an insertion of the leading-order weak

interaction from eq. (19) while the shaded circles denote axial couplings.
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A(P )
Λpπ− =

√

2
3
D(hD − hF )

Mp − MΣ+

− (D + F )(hD + 3hF )√
6(MΛ − Mn)

A(P )
Σ−nπ− =

F (hF − hD)

Mn − MΣ0

− D(hD + 3hF )

3(Mn − MΛ)

A(P )
Σ+nπ+ = −D(hD + 3hF )

3(Mn − MΛ)
− F (hF − hD)

Mn − MΣ0

+
(D + F )(hD − hF )

MΣ+ − Mp

A(S)
Ξ−→Λπ− =

(D − F )(3hF − hD)√
6(MΛ − MΞ0)

+

√

2

3

D(hD + hF )

MΞ− − MΣ−

, (22)

where D and F describe the matrix elements of the octet axial current operators between
octet baryons.

In table I we present the numerical values for the LO tree-level amplitudes, along with
their experimental values. We choose to determine hD and hF from the S−wave amplitudes,
which give central values hD = 0.58 and hF = −1.40, and to use the tree-level values for the
axial matrix elements, D = 0.80 and F = 0.50 10. Also, in table I we present the amplitudes

TABLE I: Weak Amplitudes in SU(3) χPT at LO and NLO

Decay A(S) LO A(S) NLO [50] A(S) Expt A(P ) LO A(P ) NLO [50] A(P ) Expt

Λ → pπ− 1.48 1.44 1.42 ± 0.01 0.59 −0.73 ± 0.18 0.52 ± 0.02

Σ− → nπ− 1.98 1.89 1.88 ± 0.01 -0.30 0.46 ± 0.21 −0.06 ± 0.01

Σ+ → nπ+ 0.0 0.01 0.06 ± 0.01 0.16 −0.18 ± 0.21 1.81 ± 0.01

Ξ− → Λπ− -1.95 -2.01 −1.98 ± 0.01 -0.19 0.52 ± 0.29 0.48 ± 0.02

that are found at one-loop order (NLO) in the three-flavor chiral expansion [50] (see also
Ref. [51]).

The numerical values in table I make it clear that the theoretical analysis does not
come close to predicting the P−wave amplitudes. Moreover, the one-loop computation in
three-flavor χPT [47, 49, 50, 51] does not improve the situation and, arguably, makes the
situation worse. There are a variety of reasons one can conjecture as a possible explanation
of these discrepancies, e.g. SU(3) breaking is abnormally large, there are strong final state
interactions, there are narrow hadronic resonances (e.g. pentaquarks) in some channels, and
so forth. From a formal standpoint, it is possible that the three-flavor χPT expansion simply
does not behave well for these observables, given that it is the kaon mass that is governing
the convergence. Jenkins [46] has argued that convergence is poor, not due to failure of the
chiral expansion, but due to large cancellations at LO. In order to explore this possibility
further, a NNLO calculation is ultimately required. As parameters that enter into the NLO
calculations were determined from a global fit it is somewhat difficult to determine if the
problems in the P−waves lie in only one of the decay modes or if the theory fails equally
badly in all modes.

10 Ref. [48] finds D = 0.79± 0.10 and F = 0.47± 0.07 from a global fit of tree-level axial matrix elements to

the available semileptonic decay data.
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2. Nonleptonic Weak Decays of Hyperons in SU(2)

Given the absence of complete theoretical control in the nonleptonic decays in three-flavor
χPT, we de-scope our efforts to two-flavor χPT with the hope of gaining some insight into
which processes can be identified as problematic and which are under control, without having
to consider the issue of SU(3) breaking. We restrict ourselves to the decays of the Λ and Σ
as we are primarily interested in the study of hypernuclei containing these hyperons.

At LO in the two-flavor chiral expansion, the weak Lagrange density is

L = GFm2
π+f

[

hΛ

(

Nhξ

)

Λ + hΣ NΣhξ + h.c.
]

, (23)

where

hξ = ξ†h and h =
(

0
1

)

, (24)

and where h, which transforms as h → Lh under SU(2)L ⊗ SU(2)R chiral transformations,
is a (2, 1). As in the three-flavor case, we have assumed a ∆I = 1

2
weak interaction only.

The weak interactions described in eq. (23) along with the strong interactions between
the pions and the baryons in eq. (4) give S−wave amplitudes

A(S)
Λpπ− = hΛ , A(S)

Σ−nπ− = hΣ , A(S)
Σ+nπ+ = 0 , (25)

and P−wave amplitudes

A(P )
Λpπ− =

gAhΛ

MΛ − Mn
+

gΛΣhΣ

Mp − MΣ+

, A(P )
Σ−nπ− =

gΛΣhΛ

Mn − MΛ
− gΣΣhΣ

Mn − MΣ0

,

A(P )
Σ+nπ+ =

gΛΣhΛ

Mn − MΛ
+

gΣΣhΣ

Mn − MΣ0

+
gAhΣ

MΣ+ − Mp
. (26)

We choose to fit the weak couplings hΛ,Σ to the central values of the S−wave amplitudes,
and find that hΛ = 1.42 and hΣ = 1.88.

While the axial matrix elements gA = 1.27 and gΛΣ = 0.60 are well-known experimentally,
only an upper limit currently exists for Σ− → Σ0eν, and thus there is no direct measurement
of gΣΣ. Given the success of SU(3) symmetry in relating the axial-current matrix elements,
it is worth exploring its predictions for gΣΣ, along with the best estimates for leading-
order SU(3) breaking. In the limit of exact SU(3), the axial-coupling would be gΣΣ =
F , and thus gΣΣ = 0.5 at leading order. We focus on two quite different approaches to
estimating the SU(3) breaking. In one method [48], the one-loop corrections to all the axial
matrix elements were computed in three-flavor χPT including the decuplet as dynamical
fields, and parameters in the one-loop contributions were varied over a reasonable range
in order to estimate the size of SU(3) breaking effects. This analysis yields a range for
gΣΣ, 0.35<∼ gΣΣ

<∼ 0.55. However, the analysis is somewhat ad hoc and depends upon the
convergence of the three-flavor chiral expansion, but formally captures the leading-order
SU(3) breaking in the chiral limit. The other method [52, 53] we use to estimate gΣΣ is
to perturb about the large−NC limit of QCD, a program that has been very successful in
understanding known baryon properties, and has provided insight into the successes of the
naive constituent quark model. This large−NC analysis of the axial matrix elements leads
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to a range 11 0.30<∼ gΣΣ
<∼ 0.36 12. Given that these distinct estimates of gΣΣ have only a

small overlap and neither are obviously incorrect, we take 0.30<∼ gΣΣ
<∼ 0.55 as the range of

this axial coupling constant, and it is clear that it is quite uncertain at present.
Inserting numerical values for the couplings and masses into the S−wave and P−wave

amplitudes in eq. (25) and eq. (26) gives the numerical values for the nonleptonic amplitudes
shown in table II. At leading order, the P−wave amplitude in Λ decays is well predicted,

TABLE II: Weak Amplitudes in SU(2) χPT at LO (gΣΣ = 0.30 → 0.55)

Decay A(S) Theory A(S) Expt A(P ) Theory A(P ) Expt

Λ → pπ− 1.42 (input) 1.42 ± 0.01 0.56 0.52 ± 0.02

Σ− → nπ− 1.88 (input) 1.88 ± 0.01 −0.50 → −0.14 −0.06 ± 0.01

Σ+ → nπ+ 0.0 0.06 ± 0.01 +0.42 → +0.08 1.81 ± 0.01

as it is in the three-flavor theory. However, we do not expect significant modifications to
this result from higher orders in the two-flavor theory. Further, we see that the P−wave
amplitude for Σ− → nπ− is quite sensitive to the value of gΣΣ, which is presently quite
uncertain. At the upper limit of the allowed range for gΣΣ, the P−wave amplitude is close
to what is observed. Finally, we see that the P−wave amplitude for Σ+ → nπ+ is not close
to the experimental value for any reasonable value of gΣΣ, and theory underestimates the
experimental value by ∼ 4 in the best case.

11 By extending the contents of table II in Ref. [53] the coupling gΣΣ is found to be

gΣΣ =
2

3
a + b +

4

3
c3 −

2

3
c4 . (27)

Using the central values of the global fit values for the parameters a, b, c3 and c4 found in table VII of

Ref. [53] we arrive at the range for gΣΣ. We thank Aneesh Manohar and Elizabeth Jenkins for assisting

with this determination.
12 For completeness we have also determined the axial coupling gΞ that appears in the interaction Lagrange

density

Lπ =
gΞ

f
Ξ σ · ∇M Ξ , (28)

where Ξ denotes the iso-doublet containing the Ξ0 and Ξ−. By extending the contents of table II in

Ref. [53] the coupling gΞ is found to be

gΞ =

[

1

3
a − b +

4

3
c3 −

8

3
c4

]

. (29)

Using the central values of the global-fit values for the parameters a, b, c3 and c4 found in table VII of

Ref. [53] we find 0.26<∼ gΞ
<∼ 0.30. Further, the one-loop analysis of Ref. [48] gives 0.18<∼ gΞ

<∼ 0.36. These

two estimates are compatible with each other, with, as before, the estimate from Ref. [48] having a larger

range than that from Ref. [53].
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B. Nonleptonic Weak Decays of Hyperons and Lattice QCD

Given the failure of both SU(2) and SU(3) χPT to describe the P−wave amplitudes of the
nonleptonic decays, one would like to understand where the problems lie. Until this issue is
resolved, one is unable to claim theoretical control in the nonleptonic decays of hypernuclei.
Lattice QCD is, of course, the only rigorous theoretical technique that exists to compute
these decays, and it is important to use lattice simulations as a diagnostic of the problem(s)
with the χPT calculations.

One should first compute the two-point functions that arise from the leading-order in-
teractions in eq. (23). The lattice calculation of this process injects energy at the weak
four-quark operator in order to allow both the initial and final states to be on mass-shell.
Hence one must consider additional operators in the EFT that are usually discarded as sur-
face terms. In the SU(2) expansion, the mass difference between the Λ or Σ and the nucleon
is taken to be a scale that is fixed in the chiral limit, with dependence on the quark masses
arising at higher orders in the chiral expansion, i.e. the strange quark mass is fixed. One
therefore has the free Lagrange density

L = N †iv · DN + Λ†iv · ∂Λ − ∆ΛNΛ†Λ + ... . (30)

At NLO there are contributions from

L = GFm2
π+

[

j
(1)
Λ iv · ∂

[ (

Nhξ

)

Λ
]

+ j
(2)
Λ ∆ΛN

(

Nhξ

)

Λ

+ j
(1)
Σ iv · ∂

[

NΣhξ

]

+ j
(2)
Σ ∆ΣNNΣhξ + h.c.

]

, (31)

where the surface terms vanish when energy and momentum are conserved at the effective
weak vertex. However, in lattice calculations, where both the hyperon and the nucleon will
be on mass-shell, these operators make a non-zero contribution to the amplitude at tree-
level. This contribution must be included when attempting to extract the weak couplings
hΛ,Σ from lattice calculations. Therefore, including such terms, the weak matrix element
between a Λ and a nucleon arising from the diagrams shown in Fig. 5 becomes

nΛnΛ

FIG. 5: Tree-level diagrams that contribute to the weak Λ → N matrix element, including the

leading-order surface term. The dark shaded square denotes an insertion of the weak vertex, hΛ

from eq. (23), while the light shaded square denotes an insertion of the weak vertices, j
(1,2)
Λ , from

eq. (31). The crossed-square denotes an injection of energy at the weak vertex.

〈N (p = 0)| Lweak |Λ (p = 0)〉 = GF m2
π+

[

f hΛ + ∆ΛN

(

j
(1)
Λ + j

(2)
Λ

)]

UNUΛ. (32)

Given that the P−wave amplitude for Λ → pπ− is in good agreement with data, one
expects that the value of hΛ extracted from the lattice will be in agreement with that de-
termined from the S−wave amplitudes. However, it is not clear what one will find for hΣ
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given the significant uncertainty in gΣΣ and the complete failure to reproduce the P−wave
amplitude for Σ+ → nπ+. Therefore, a lattice determination of hΣ is highly desirable.
Furthermore, given that there is a significant uncertainty in gΣΣ and this uncertainty propa-
gates through into a large uncertainty in the P−wave amplitudes for the Σ decays, a lattice
determination of gΣΣ is also highly desirable.

A direct lattice measurement of both the S−wave and P−wave amplitudes would also
be very important. Assuming that the weak couplings hΛ,Σ and the axial couplings are all
consistent with the above discussion, then we need to understand the origin of the failure
of the P−wave amplitudes. Given the progress in extracting weak amplitudes for K → ππ
using the finite-volume techniques described by Lüscher and Lellouch [54] one can hope for
a direct lattice determination of these amplitudes at some point in the future. While the
actual value of the amplitude should agree with experiment one should be able to disentangle
the various contributions to the amplitudes and understand where the failure originates in
the low-energy EFT.

C. Weak Decays of Hypernuclei

A systematic study of the decays of hypernuclei provides an even greater challenge than
describing the nonleptonic decays of hyperons in free-space. It will certainly be the case
that the interactions that are ultimately needed to describe the nonleptonic decays will also
provide a contribution, and likely a leading-order contribution, to the multi-baryon weak
interactions such as ΛN → NN . For instance, the diagram shown in Fig. 6 arises from

nΛ n

n n

FIG. 6: An example of a contribution to Λn → nn.

inserting the weak two-point amplitude on an external leg of the strong nn → nn scattering
amplitude. Unfortunately, there is presently no consistent EFT that is applicable in the
kinematic regime for ΛN → NN where the energy release for an initial ΛN state at rest is
E ∼ 176 MeV. If an EFT exists for the strong processes, such as ΛN → ΛN and NN → NN
at these relatively high energies, one hopes that the higher-dimension weak operators are
subleading compared to the two-point function, but given the uncertainty in the nonleptonic
hyperon decays and the absence of a strong-interaction EFT, it appears premature to make
any such power-counting arguments at this stage.

However, having made all of these negative statements based on our current theoretical
understanding, there has been an important phenomenological analysis [10, 11] recently
completed by Parreño, Bennhold and Holstein (PBH) that gives one hope that an EFT can
in fact be constructed to describe these processes. In PBH, contributions to the weak decay
from weak-one-pion exchange (WOPE) and weak-one-kaon exchange (WOKE) were included
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along with contributions from local ∆s = 1 weak ΛNNN interactions. The power-counting
used in determining the order of the various contributions is based on Weinberg’s power-
counting of NN interactions in which the number of powers of the small momenta is directly
related to the order in the expansion. The weak interaction computed to a given order
in Weinberg power-counting is then dressed with NN strong interactions in the final state
and the initial-state interactions are taken into account by a correlated ΛN wavefunction
determined from Nijmegen models.

The usual divergence problems with local four-baryon interactions arise in this calculation
and are dealt with in PBH by extending the interaction in coordinate space to a Gaussian
form with the same spatial integral (of course, the dependence upon the form of the regulator
must be, and is, higher order in the power-counting). The results of a global fit, and data
can be found in table III.

TABLE III: Weak decay observables for 5
ΛHe, 11

Λ B and 12
Λ C taken from Ref. [10, 11]. The theoretical

numbers correspond to including WOPE, WOKE along with the leading-order parity-violating and

parity-conserving ΛNNN interactions with the short-distance parameters globally fit to the data.

Observable Theory (best global fit) [10, 11] Expt

Γ(5ΛHe) 0.44 0.41 ± 0.14 , 0.50 ± 0.07

n/p (5ΛHe) 0.55 0.93 ± 0.55 , 0.50 ± 0.10

A(5ΛHe) 0.24 0.24 ± 0.22

Γ(11Λ B) 0.88 0.95 ± 0.14

n/p (11Λ B) 0.92 1.04+0.59
−0.48

A(11Λ B) 0.09 −0.20 ± 0.10

Γ(12Λ C) 0.93 1.14 ± 0.2 , 0.89 ± 0.15 , 0.83 ± 0.11

n/p (12Λ C) 0.77 0.87 ± 0.23

A(12Λ C) 0.03 −0.01 ± 0.10

It is found that the overall goodness of the fit encapsulated in the χ2 is independent
of the range of the short-distance Gaussian regulator (over the range explored) and also
independent of the strong-interaction potential used to compute the final-state interactions.
This is very encouraging. The numerical values of the bare coefficients in the weak potential
depend upon the range of the Gaussian regulator, as one would expect, but the dependence
of the observables is minimal. Therefore, it appears that a systematic EFT description of
the weak decays should be possible in the near future, and it may be as simple as Weinberg
power-counting in many of the decay channels. Clearly, this exciting possibility requires
further exploration.

It goes without saying that it would be very nice to see a calculation of the weak ΛN →
NN amplitude directly from lattice QCD (a 5-point function!). While one knows how to
extract the weak decay amplitudes for K → ππ from the lattice, part of which is tuning
the lattice volume so that one of the ππ energy states on the lattice is degenerate with a
kaon at rest, no such formulation currently exists for extracting weak amplitudes for 2 → 2
processes. In principle we do not see any formal road blocks to constructing a framework
analogous to that of Lüscher and Lellouch, however, given that the one-body decays are not
yet understood we do not see any urgency in developing such a framework.

18



IV. CONCLUSIONS

We have explored some aspects of strong-interaction physics that impact our understanding
of the structure and decays of hypernuclei and that could be addressed by lattice QCD
simulations in the near future. In the few-nucleon sector, lattice QCD will provide an
understanding of the strong dynamics, such as the fine-tuning that exists in the two-nucleon
system, but it will not improve the precision of input into nuclear calculations of many-
body observables. However, in the hypernuclear sector where experimental measurements
are scarce and quite uncertain, lattice QCD may be in a position to compete with and
ultimately surpass experiment and thus greatly aid progress in the field. We have discussed
quantities in both the strong and weak sectors whose calculation in lattice QCD would have
great significance.

To summarize, the lattice QCD calculations of strong-interaction processes that would
be of fundamental importance for hypernuclear physics are:

• An extraction of the scattering length and effective range for ΛN scattering from
finite-volume simulations;

• A determination of matrix elements of the axial current for Σ → Σ, gΣΣ;

• A determination of the ηNN and ηΛΛ hairpin couplings in PQQCD;

and of weak-interaction processes are:

• A measurement of the coefficients of the weak nonleptonic two-point functions, hΛ and
hΣ;

• A measurement of both the S− and P−wave amplitudes for the weak nonleptonic
decays, e.g. Λ → pπ;

• A measurement of the amplitude for the weak scattering ΛN → NN .

A lattice QCD determination of any one of these quantities would significantly improve
our understanding of hyperons, and hypernuclei in general.
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V. APPENDIX I : LÜSCHER’S RELATIONS FROM EFT(π/)

From the discussions in Refs. [22, 23] it is clear that in the pionless theory describing non-
relativistic baryons, each of mass M , the exact two-body elastic scattering amplitude in the
continuum is

A =

∑

C2np
2n

1 − I0
∑

C2np2n
, I0 =

(

µ

2

)4−D ∫ dD−1q

(2π)D−1

1

E − |q|2
M

+ iǫ
, (33)

where the C2n are the coefficients of operators with 2n derivatives acting on the nucleon
fields (or equivalently with n time derivatives). Applying the PDS scheme to I0 gives

I
(PDS)
0 = −M

4π
(µ + ip) + O(D − 4) , (34)

where p =
√

ME and hence

A =
4π

M

1

p cot δ − ip
, (35)

where the subtraction-scale dependence of the one-loop diagrams is exactly compensated by
the corresponding dependence of the coefficients C2n(µ). δ is the energy-dependent S−wave
phase shift (we will only consider S−wave scattering but this construction generalizes to all
partial waves).

We are interested in the energy-eigenvalues of this system placed in a box with sides of
length L with periodic boundary conditions. We can find the energy-eigenvalues by requiring
that the real part of the inverse scattering amplitude computed in the box vanishes,

1
∑

C2n(µ) p2n
− Re(I

(PDS)
0 (L)) = 0 , (36)

where

I0(L) =
1

L3

∑

k

1

E − |k|2
M

, (37)

and the sum is over momenta, k, allowed on the lattice.
The PDS value of this linearly-divergent integral is found by adding and subtracting

the continuum limit of the integral evaluated at E = 0. One of the continuum integrals
is evaluated with a momentum cut-off that is equal to the mode cut-off of the discrete
summation, while the other is evaluated with dimensional-regularization and PDS. The
subtraction-scheme dependence vanishes as expected, and we find that eq. (36) becomes

p cot δ(p) − 1

πL

Λj
∑

j

1

|j|2 − (Lp
2π

)2
+

4Λj

L
= 0 , (38)

where the limit Λj → ∞ is understood, and where Λj is the magnitude of the integer cut-off,
related to the momentum cut-off in the box defined via |kmax.| = 2πΛj/L. Solving for the
values of p for which eq. (38) is satisfied recovers Lüschers result(s) [27, 28]. Given that
Λj is set by the edge of the first Brillouin zone, clearly one must not be too cavalier about
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taking the Λj → ∞ limit in present day calculations 13, however, in this work we will take
the limit Λj → ∞. This derivation of Lüscher’s formula [27, 28] makes explicit the analytic
continuation of the zeta-functions that appear in his expressions.

Using the effective-range expansion of p cot δ

p cot δ = −1

a
+

1

2
rp2 + ... , (39)

and assuming that L ≫ a, r 14 one finds that the lowest-energy eigenvalue is

E0 = +
4πa

ML3

[

1 − c1
a

L
+ c2

(

a

L

)2

+ ...

]

+ O(L−6) , (40)

where the coefficients c1,2 are

c1 =
1

π





Λj
∑

j 6=0

1

|j|2 − 4πΛj



 = −2.837297 =
1

π
Z00(1, 0) ;

c2 = c2
1 −

1

π2

∑

j 6=0

1

|j|4 = 6.375183 =
1

π2

(

(Z00(1, 0))2 − Z00(2, 0)
)

, (41)

where the Z00(n, k) are defined in Refs. [27, 28],

Z00(n, k) = lim
Λj→∞





Λj
∑

j,|j|6=k

1

(|j|2 − k2)n
− δn1 4πΛj



 , (42)

for integers n ≥ 1 and k. It is important to note that there are sign differences between
our result in eq. (40) and the analogous expression in Ref. [27, 28]. This is due to the
opposite sign convention for the scattering length a, for which we use that common to
nuclear physicists.

We also need the energy of the next state in order to extract both the scattering length and
the effective range. The construction is somewhat more complicated than that for the lowest
state. One looks at the energy of the next-most energetic level that is invariant under the
action of the complete cubic group; the space of such states is the A1 sector [27, 28]. It is easy
to show from the decomposition of the full rotation group down to the cubic group [56] that
the energy shift of such states due to the two-body interaction receives contributions from
l = 0, 4, 6, .. interactions, where l is the angular momentum of the interaction. Therefore,
to the order we are working in the momentum expansion, the shift in the energy-levels is
sensitive to S−wave interactions only. It is straightforward to show that the energy of the
next-highest state in the A1 representation of the cubic group is [27, 28]

E1 =
4π2

ML2
− 12 tan δ0

ML2

(

1 + c′1 tan δ0 + c′2 tan2 δ0 + ...
)

+ O(L−6) ;

13 This issue is discussed in Ref. [55]. We thank William Detmold and David Lin for discussions regarding

this point.
14 It is interesting to note that one can also use this expression to find the energy-eigenvalues in the limit

where r ≪ L ≪ a, as may be appropriate for two- or few-body nuclear physics observables. We will

explore this limit in forthcoming work.
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c′1 =
1

2π2
Z00(1, 1) ;

=
1

2π2



 πc1 + π2c2
1 − π2c2 − 13 +

Λj
∑

j,|j|6=0,1

1

|j|4(|j|2 − 1)



 = −0.061367 ;

c′2 =
1

4π4

(

(Z00(1, 1))2 − 6Z00(2, 1)
)

;

= c′21 +
3

2π4



 π2c2 − π2c2
1 + 5 −

Λj
∑

j,|j|6=0,1

2|j|2 − 1

|j|4(|j|2 − 1)2



 = −0.354156 , (43)

where δ0 is the S−wave phase shift evaluated at the unperturbed lattice momentum, |p| =
2π/L, and coefficients c′1,2 are those found by Lüscher [27, 28]. We have given expressions
for c′1,2 in terms of c1,2 that can be straightforwardly evaluated and converge rapidly.

To generalize the expressions in eq. (40) and eq. (43) to ΛN scattering we make the
replacement M → 2µΛN and understand that δ0 is the phase shift for ΛN scattering with
the scattering lengths and effective ranges discussed in the text evaluated at the unperturbed
momentum |p| = 2π/L.
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